In this paper we develop the first equation of state for alcohol containing mixtures which includes the effect of steric hindrance between the two electron lone pair hydrogen bond acceptor sites on the alcohol's hydroxyl oxygen. The theory is derived for multi-component mixtures within Wertheim's multi-density statistical mechanics in a second order perturbation theory. The accuracy of the new approach is demonstrated by application to pure methanol and ethanol and binary ethanol / water mixtures. It is demonstrated that the new approach gives a substantial improvement in the prediction of hydrogen bonding structure of both pure alcohol and alcohol/water mixtures as compared to conventional approaches which do not include steric effects between the alcohol association sites. Finally, it is demonstrated that the inclusion of steric effects allows for more accurate binary phase equilibria and heats of mixing prediction with water.
I: Introduction
Much of current thermodynamics research is focused on molecular simulations: new algorithms, force fields, applications, etc.… Indeed, molecular simulations allow for the "exact" solution of the thermodynamics / fluid structure for a given force field. However, even with the advances in molecular simulation, it is the general mixture equation of state (EoS) which forms the backbone of commercial thermodynamics packages used to predict fluid phase equilibria. EoS can be used to quickly estimate the phase equilibria of multi-component mixtures, which makes them amiable for implementation into process simulators. can have an arbitrary number and functionality of association sites. The simplicity and generality of this TPT1 solution has allowed for its wide industrial and academic application in the form of the statistical associating fluid theory [12] [13] [14] [15] [16] (SAFT) class of EoS as well as the Cubic-PlusAssociation 17 EoS.
While widely applied, TPT1 has many limitations. First order perturbation theory assumes that each association bond in a cluster is independent of the other association bonds. This allows for a simple general solution, but neglects effects such as steric hindrance 18, 19 , ring formation 20, 21 , double bonding of molecules 22, 23 and association sites which can receive multiple association bonds 24, 25 . To include these effects, one must go to higher order in perturbation. TPT2 allows for the interaction of two association bonds in a cluster, TPT3 allows for the simultaneous interaction of 3 association bonds etc.… Alcohols are a common class of associating molecules. Each alcohol has two hydrogen bond acceptor sites (oxygen lone pairs) and one hydrogen bond donor (hydroxyl hydrogen). This defines a 3C association scheme. 26 There has been much debate in the literature on whether alcohols should be modeled with two (one donor and one acceptor in a 2B scheme) or three association sites. 27, 28 Recently, Fouad et al. 28 demonstrated that within the polar PC-SAFT equation of state, the 2B scheme gave better agreement with hydrogen bonding distributions in pure alcohols. However, it was simultaneously shown that the 3C model gave better agreement for hydrogen bonding distributions for alcohol-water mixtures, as well as well as improved phase behavior predictions with water.
The results of Fouad et al. 28 point to a deficiency in the application of TPT1 to alcohols.
As TPT1 does not include steric effects, it will not account for the fact that bonding at one of the oxygen acceptor sites may partially block accessibility to the other. This would lead to an overprediction in the fraction of ethanol molecules which are bonded at both acceptor sites. Hence, a 2B model, which rejects second acceptor site completely, gave better results than the 3C model.
However, when inserting an alcohol molecule in an aqueous phase, it may become bonded at all three sites. What is needed is a theoretical approach which accounts for the steric hindrance between the two oxygen sites in a 3C model. This will be the subject of this paper.
In this paper we develop the first general multi-component solution of TPT2 which allows for the incorporation of steric effects. Each species can have an arbitrary number and functionality of association sites; however, for tractability we only allow one pair of sites per molecule to become sterically coupled. We then specialize this solution to mixtures which contain alcohols modelled with a 3C association scheme. We then incorporate the new perturbation theory into the perturbed chain statistical associating fluid theory (PC-SAFT) EoS and use it to study the hydrogen bonding and phase behavior of pure alcohol and alcohol-water binary mixtures. In this paper we focus on the alcohols methanol and ethanol. We demonstrate that the inclusion of steric hindrance through TPT2 gives a significantly improved EoS as compared to TPT1.
II: Thermodynamic perturbation theory
In this section we extend thermodynamic perturbation theory (TPT) to account for steric hindrance between association sites in a multi-component fluid. We consider a mixture of N molecules consisting of n separate species of number density ρ (k) . Each species contains a set of Г (k) = {A, B, C,…,G} association sites, where the capitals letters represent distinct association sites. While each species can have any number and type of association sites, we restrict the theory such that only a single pair of association sites per species can sterically hinder each other. For molecules with a 3C association scheme, we call this approach the 3C-SH association model. Figure 1 gives a model representation of a 3C-SH alcohol model. There is one donor hydrogen labeled H and two acceptor oxygens lone pairs which we label O1 and O2. However, only the two oxygen sites exhibit steric effects. The potential of interaction between a molecule 1 of species k and a molecule 2 of species j is given by
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The distance between the centers of the molecules is r12 and the notation (1) The theory is developed in Wertheim's multi-density formalism. 9 In this approach each bonding state of a molecule is treated as a distinct species and assigned a density ( ) , where α is the set of bonded sites. Hence, ( ) is the monomer density of species k. To aid in the topological reduction from fugacity to density graphs, Wertheim defines a set of density parameters
where ( ) = ( ) and Г ( ) = ( ) . The total Helmholtz free energy is given by
where Ahs is the free energy of the hard sphere reference fluid, V is the system volume and T is the absolute temperature.
Equation (3) 
The association Mayer function is given by 
,, k i j hs g r r r is the triplet correlation function of the reference fluid.
Equation (9) completes the definition of the graph sum Δc (o) . The last term to consider in
The functions ( ) are generated from the graph sum Δc (o) according to the relation
Now we assume that each molecule can have at most one pair of second order sites which sterically hinder each other. We label this set {C,D}. Evaluating Eq. (11) subject to Eqns. (4), (5) and (8)
, ,
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A key quantity in TPT1 is the fraction molecules not bonded at site A:
/ . In this second order theory we will also require the fraction of molecules not bonded at both sites C and
With the current assumption of only a single pair of second order sites the theory will have similar structure to that of Marshall and Chapman (MC) 21 . Generalizing the MC solution to a multicomponent mixture we obtain ( )
In Eq. (15) 
The monomer fraction is found to be
From these results Eq. (10) can be evaluated as
Combining these results, we simplify the free energy in Eq. (3) to
1 ln ln 22
To maintain consistency with the PC-SAFT 13 EoS, equation (6) 
; 2
Turning our attention to the second order contribution in Eq. (9), we first approximate the triplet correlation function with the following simple superposition 
The exponential term serves to provide the steric effects between the sites C and D on species i.
Combining (9) and (22) we obtain 
In practice we shall assume that the overlap integral of component i is independent of the species k and j
The theory developed in this section is general for an arbitrary number of components, with an arbitrary number and functionality of association sites. The one restriction is that each molecule can have at most one pair of association sites which sterically hinder each other. In section III the theory is specialized to alcohols using the 3C-SH association model.
III: Application to alcohols
In this section we specialize the theory developed in section II to the case of mixtures which contain alcohols with the 3C-SH association model outlined in Fig. 1 
c X
Specializing Eqns. (15)- (16) to the 3C-SH model 
Combining Eqns. (30) and (32) we obtain ( )
Combining Eqns. (30) and (34) and O2, we obtain convergence at the TPT2 level. 
IV: Incorporation into simplified PC-SAFT
The association contribution to the free energy is described with the theory developed in this work 
In this work we follow the simplified approach 16 
where the packing fraction is given by The contribution to the free energy due to isotropic attractions is given by aat in Eq. (36).
Gross and Sadowski 31 developed aat using a modified Barker-Hendersen 33 second order perturbation theory (BH2) applied to chain molecules.
This completes the description of our TPT2 modification of PC-SAFT for the description of steric effects in 3C-SH alcohol models. In section V we apply the new theory to study both pure component and mixture phase equilibria of methanol and ethanol.
V: Application to pure methanol and ethanol
In this section we apply the new 3C-SH theory to study the phase equilibria and hydrogen bonding structure of pure methanol and ethanol. Alcohols are parameterized by 6 physically meaningful parameters: chain length m, hard sphere diameter σ, isotropic square well attraction energy ε, hydrogen bond volume κOH, hydrogen bond energy εOH and the blockage integral Ψ. The standard parameterization approach for SAFT theories is to adjust the model parameters to vapor pressure (Psat) and saturated liquid density data (ρL). 12 In this work, due to the need to obtain the blockage integral Ψ, we also include data for the heat of vaporization (hvap). Specifically we adjust model parameters to minimize the objective function J given as
where np, nρ and nh is the number of vapor pressure, saturated liquid density, and heat of vaporization points respectively. Note, we have weighted the heat of vaporization data by a factor of 0.2.
We consider two cases in this study. For the first case we consider the 3C-SH model which treats alcohols with two oxygen lone pair acceptor and one hydrogen donor association sites where the two acceptor sites exhibit steric hindrance (TPT2). In the second case which we call TPT1, we treat the 3C association scheme in a first order perturbation theory which does not account for steric hindrance between the acceptor sites (Ψ = 1). Table 1 : Model parameters for methanol and ethanol and average absolute deviations (AAD).
AAD
The temperature ranges used in the data regression were Psat (240 K < T < 462 K), ρL (160 K < T < 462 K) and hvap (300 K < T < 460 K). The parameters ε / kB and εOH / kB are in units K and σ is in units of angstroms.
The resulting parameters and average absolute deviations can be found in Table 1 However, TPT2 and TPT1 predict substantially different liquid phase hydrogen bond structure. We begin the discussion of Fig. 3 with a comparison of 2 and 3 . As can be seen, TPT2 predicts values of 2 and 3 which are consistent with the MD simulation results, while TPT1 under-predicts 2 and over-predicts 3 . This behavior is explicable by the fact that TPT1 does not account for steric effects between the two oxygen acceptor sites. Since there is no steric hindrance in TPT1, it overpredicts the fraction 3 . For a molecule to be fully bonded it must be bonded at both acceptor sites. As the sum ∑ = 1 must hold, the over-prediction 3 must be debited from other fractions. This then results in the under-prediction of 2 in TPT1. TPT2 is in better agreement with the simulated 1 at lower temperatures while TPT1 appears to be in better agreement at high temperatures. Finally, both approaches under-predict the monomer fraction data (bottom left) as compared to both the MD simulations.
Please note, that the definition of a "hydrogen bond" will in general be different between simulation and theory. Hence, the comparison in Fig. 3 is qualitative in nature. Qualitatively, both TPT2 and MD predict a substantially lower 3 than TPT1. However, for the T = 373 K data point, the comparison is not sufficiently quantitative to say whether TPT2 or TPT1 yields a more accurate prediction of 1 . Table 2 compares model predictions to simulation data for the fractions of liquid methanol at T = 300 K. The simulation results are taken from Ferrando et al. 36 who employed the AUA4 force field, which has been demonstrated to accurately represent liquid methanol structure.
The TPT2 predictions accurately represent this simulation data, while TPT1 overpredicts the fraction 3 and underpredicts 2 for the same reasons discussed above for ethanol. Table 2 : Comparison of model predictions to Monte Carlo simulation predictions for the fraction of methanol molecules bonded k times in a saturated liquid at T = 300 K.
VI: Water-ethanol mixtures
In section V it was demonstrated that TPT2 gave an improved representation of the hydrogen bonding structure of saturated liquid methanol and ethanol. In this section we focus on water-ethanol binary mixtures. However, before jumping into binary calculations, we first digress briefly to develop a benchmark water model. 
where nX is the number of XA data points. The results can be found in 
b. Predictions of Ethanol-water hydrogen bonding
For the ethanol-water pair, the cross-association bond volume and association energy are
given by the combining rules in Eq. (21) . There is no binary parameter in the association contribution of the theory to tune to experimental data. Hence any calculation of binary hydrogen bonding structure is necessarily a prediction. In Fig. 4 we compare TPT1 and TPT2 predictions to MD simulations (same reference 28 and methodology as The MD calculation of ( ) in Fig. 4 is ambiguous in the sense that one must impose on the simulation the definition of what it means to be hydrogen bonded. Hence, the absolute value of the simulated ( ) is less telling than the composition dependence. In Fig. 5 we present the same results as Fig. 4 , but we scale all results by the average number of hydrogen bonds in pure ethanol (1). As can be seen, the composition dependence of TPT2 is in good agreement with the simulation results, while TPT1 clearly shows a stronger composition dependence.
c. Ethanol-water phase equilibria and heat of mixing
To describe the binary phase equilibria and heat of mixing for the ethanol-water binary system we must first adjust the binary interaction parameter kij; which is used in the calculation of the cross square well depth εij in the free energy term due to isotropic attractions aat. We use standard Lorentz-Berthelot mixing rules ( )
The binary parameter kij is adjusted to minimize the error in the description of binary vapor-liquid equilibria (VLE).
Method kij

TPT1
-0.02424 TPT2 -0.06413 Table 4 : Binary parameters for the ethanol-water pair Table 4 gives regressed values of kij using both TPT1 and TPT2, and Fig. 6 compares TPT1
and TPT2 model results to experimental data for the phase diagram at atmospheric pressure. As can be seen, both TPT1 and TPT2 are able to accurately correlate the binary VLE data, although TPT2 does give an improved result. substantially under-predicts hmix, while TPT2 is in good agreement with the experimental data.
This is due to the inclusion of steric effects in the TPT2 theory.
The disagreement between model and experiment at T = 323.15 K occurs at a temperature which coincides with a change from hmix > 0 to hmix < 0 as temperature is decreased. It is also in this temperature regime that water is undergoing a structural transition towards tetrahedral symmetry. 45 This transition is not included in a standard PC-SAFT model for water. Hence Combining Eqns. (15), (45) and (46) (47) where P(γ)is the partition of the set γ into non-empty subsets. For the 3C-SH association model, the density of molecules bonded once at any association site is given by The density bonded twice
